In this work, we describe an experimental setup in which an electric current is used to determine the angular velocity attained by a plate rotating around a shaft in response to a torque applied for a given period. Based on this information, we show how the moment of inertia of a plate can be determined using a procedure that differs considerably from the ones most commonly used, which generally involve time measurements. Some experimental results are also presented which allow one to determine parameters such as the exponents and constant of the conventional equation of a plate's moment of inertia.
Introduction
One of the most traditional ways to determine the moment of inertia of a disc mounted on a shaft with ball bearings is by suspending a body from a wire coiled around a smaller concentric disc fixed to the original one. The body is allowed to fall, causing the disc to rotate. The experiment consists of measuring the time the body takes to reach the ground from a given distance. The moment of inertia is therefore determined based on the time data, the mass of the disc, several geometric parameters and the principle of the conservation of energy [1, 2] .
In our experiments, the set-up was similar to the traditional one, although the procedure was modified as sketched in a previous paper [3] . Based on a method originally intended to measure capacitance [4, 5] , and by recording the electric current, one can determine the angular velocity attained by the disc after the body has fallen, thereby eliminating the need for time measurements. The angular acceleration can then be found based on the angular velocity. This procedure is repeated for several masses of the suspended body. The moment of inertia, on the other hand, is determined from the inclination of the straight line determined for the torque graph (already known) as a function of the angular acceleration. The advantage of this method, as we shall see later on, is that the friction does not affect the results since the inclination of this straight line does not depend on the friction related to the torque. In this work, a plate was used instead of a disc in order to demonstrate how to determine the parameters of the conventional equation [6] in addition to its moment of inertia.
Therefore, we begin this paper by describing the system employed to measure the angular velocity. Then we show how the moment of inertia of a plate is determined, concluding with an explanation of the procedure used for determining the parameters of the equation of the plate's moment of inertia.
Measuring the angular velocity
The angular velocity can be measured indirectly using the so-called Fleming and Clinton method [4] . As shown in figure 1 , the capacitor is charged when the switch, S, is in contact with terminal p. Once it is charged, when S is in contact with q through the dc current measurer, M, the capacitor will be discharged.
It has already been argued [7] that, when the charging and discharging operations are executed at intervals about ten times larger than the constant of time (RC) of the circuit in figure 1 , the capacitance, C J , can be written as C J = i J /(f J V ), where i J is the current recorded in M, f J is the frequency of commutation and V is the applied tension in the capacitor. Moreover, when the parameter to be found is frequency, the same set-up and expression can be used, so that:
The subscript J is used conveniently and relates to the tested plates and the rotating system, as we shall see later on. The primary element is the switch, S, a device that periodically modifies the circuit, charging and discharging the capacitor. Therefore, if S is placed together with the rotating plate, the frequency described by equation (1) can be related to the angular velocity, w J , of the plate. To this end, a compact disc (CD) was coupled to the shaft and divided into 24 equal sections. Twelve of these sections were covered with an opaque sheet, so that the CD alternately coupled mirror and opaque surfaces as it rotated. Next, an opt electronic sensor (infrared emitter and receptor), which distinguishes the nature of a surface by reflection, was mounted facing the surface of the CD (see figure 3) . Using an integrated circuit CI4093, as illustrated in figure 2 , the logic level 0 was associated with the opaque surfaces and level 1 to the mirror ones. These levels (square pulses) commanded the analogical commutation key, The plate's rotational frequency is 1/12 of the commutation frequency, f J ; therefore, the angular velocity, w J , of the plate can be written as w J = 2πf J /12 = πf J /6 and, combined with equation (1), produces
As can be seen, the plate's angular velocity is obtained directly from the electric current reading.
Measuring the moment of inertia
The set-up employed to determine the moment of inertia is shown in the diagram of figure 3. Plate J is screwed to the rotational system, causing it to rotate with the shaft without undergoing any significant friction-torque effect. Concentrically fixed to the shaft is a small diameter pulley with a wire coiled around it. A mass m is connected to the other end of the wire and initially kept at a distance, h, from the ground. As we know, the resulting torque, τ , responsible for the rotational movement of the shaft (with and without plate J) is
where τ T and τ F are the associated torques of the traction force applied by the wire and the friction force acting on the rotating shaft, I SHAFT or I (SHAFT + PLATE J) and α 0 or α J are the moment of inertia and the angular acceleration of the shaft with or without plate J, respectively. Thus, the subscript J represents only shaft rotation (carrying the CD and the fixation screw) if J = 0 and represents shaft rotation with one of the plates if J = 1, 2, 3 or 4. The acceleration, α J , can be determined from Torricelli's equation for the accelerated uniform circular movement, which is w 2 J = 2α J θ . In fact, the height, h, is given by h = r θ, so that one has When equation (2) is substituted for w J , one has
where 2 is a constant known from r, and h, C J and V are pre-selected parameters. The resulting force applied on m while it falls is mg − T = ma = mα J r; thus, T = m(g − α J r). Using this expression in τ T = T r, one has
Now, using equation (6), one can also rewrite this expression as a function of the current
Therefore, knowing the constants in equations (6) and (7), one can find the angular acceleration and the torque, provided one has a reading of the current through the electric circuit.
Varying the mass m and keeping the rest of the parameters constant, one obtains a set of values for τ T and α J that can be plotted. Equations (3) and (4) indicate that graph τ T versus α J should be linear, with the inclination providing the moment of inertia. On the other hand, the intersection of the straight line and the vertical axis gives the torque associated with the friction force.
Determining the parameters X, Y and B
Following the procedure described above, one can determine the moment of inertia of plate J by first determining the inertia of the shaft (I SHAFT ) and that of plate J plus the shaft (I SHAFT + PLATE J ) and then calculating the difference between them to find I PLATE J . We established a strategy that allows one to evaluate the parameters involved in the conventional equation of the plate's moment of inertia.
The equation is expressed by
where X, Y and B are the parameters to be determined, and a and b are the dimensions of plate J. For the sake of symmetry, parameters a and b have the same exponent Y. Thus, considering four plates (schematically shown in figure 3 ) and based on equation (9) and the results of item 3, the expression for calculating exponents X and Y can be established as follows:
and
It is important to mention that equations (10) and (11) were obtained based on a suitable choice of plates, i.e., each with a different mass, two of them having the same size and the other two having one side twice as long as that of the other sides. In this study, two square plates were used, but this is not necessary, since they have the same dimensions. On using equation (9) to obtain X, it is important to eliminate the parameters a, b and B. To this end, two plates of different masses are enough. However, the parameter Y demands that one of the dimensions a or b (see figure 3 ) be much larger than the other one and that they are different from the previous ones. It is not necessary to make one of the dimensions twice as large the other one. It is possible to use other values though equation (11) would be different from the one we have shown. Four different plates were used to obtain X, Y and B. The same can be done with a disc, which is simpler than the studied case, just three discs being necessary. Two would have different masses with the same diameter, while the third would have a diameter and mass different from the previous ones. The manufacture of the plates is simpler than the discs and it involves a lower cost, which is a strong reason for the choice of plates in our work.
The value of the constant, B, was found by replacing I PLATE J , M J , X and Y from equation (9) for the values found earlier. The traction torque was then applied to several different suspended bodies in order to find the inertia of the shaft (I SHAFT ) or the shaft plus plate J (I SHAFT + PLATE J ).
Experimental results

Constant angular acceleration
The purpose of this experiment was to verify that the plate rotated with a constant angular acceleration while the suspended body was falling. Because the present theory is based on the hypothesis discussed in section 3 herein, it is appropriate to show if the plate's rotating movement obeys Torricelli's equation. To this end, it is enough to plot the graph of w versus √ h, or i versus √ h since, in equation (2), w is proportional to i. The graph i versus √ h in figure 4 shows a result typically obtained when a suspended body of (105.32 ± 0.01) g is dropped from varying heights.
There is indeed a correlation of proportionality between i and √ h. Hence, as expected, w is proportional to √ h. The fact that the straight line does not pass exactly through the origin can be attributed to a slight uncertainty regarding the zero of the current meter. 
Moment of inertia of the shaft with accessories (I SHAFT ) or plate J (I PLATE J )
This experiment was performed initially without the plate. A body suspended from a wire coiled around a pulley having a radius of r = (1.25 ± 0.01) cm was fastened to the shaft at a height of h = (0.950 ± 0.005) m. As illustrated in figure 1 , the experiment involved the use of a voltage of V = (4.7 ± 0.1) V, a polyester capacitor with a capacitance of C 0 = (32.89 ± 0.01) nF and a microamperimeter with a 50 µA scale and an internal resistance of 1 k . The traction mass ranged from 20.32 to (80.32 ± 0.01) g, beginning with the lowest mass and adding 10 g in each successive run.
The experiment consisted of allowing the suspended body to drop and making a reading of the electric current immediately after the body reached the ground. Based on that reading and using equations (6) and (7), respectively, the torque applied by the wire and the corresponding angular acceleration was calculated for each suspended mass.
The graph showing torque as a function of the angular acceleration (see figure 5 ) illustrates a typical result and was plotted by using a linear fitting. The value found for the inclination of this straight line, I SHAFT = (0.00564 ± 0.00005) × 10 −2 kg m 2 , represents the shaft's moment of inertia. The linear coefficient, which corresponds to the value of the friction torque, is τ F = (0.111 ± 0.008) × 10 −2 Nm. The moment of inertia of each plate J was determined based on the moment of inertia of the set (shaft + plate J), using the aforementioned procedure to determine I SHAFT . I PLATE J was obtained by subtracting the inertia of the shaft from the set.
Whenever one of the four plates J was added to the shaft, the values of the capacitor were changed, using C 1 = C 2 = (150.5 ± 0.1) nF and C 3 = C 4 = (48.89 ± 0.01) nF, to prevent the electrometer's needle from falling off the bottom of the scale or from indicating values very close to zero in the new situation. The theoretical value [6] for each plate, which was calculated by the expression I PLATE J = 1 12
, is given in table 1. The traction masses used to plot figures 6 and 7 ranged from 25.32 to (125.32 ± 0.01) g, with 20 g increments. (9), B = 0.083 ± 0.001 was determined. This value was highly congruent with the theoretical value of 0.0833 [6] .
Conclusions
The results reinforce the idea that the angular acceleration of the body in rotation can be expressed by Torricelli's equation, since the body's rotational inertia remains constant while it is being measured.
Using the set-up described here, the moment of inertia of the plates was determined with an average margin of error of less than 5%. The procedure adopted is independent of time measurements and allows the friction forces to be ignored, contrary to some traditional methods. From this standpoint, the method proposed here offers an alternative to the methods commonly available in the literature.
The capacitor in figure 1 was charged and discharged using an analogical CMOS switch coupled to an opt electronic sensor. This set-up was chosen based on the idea that it is beneficial for students to learn how to deal with such devices and with electronic devices in general as early as possible on in their studies, given their widespread applications in modern life. However, a mechanical device such as a double pole switch could be used for the same purpose (see [7] ).
The results about the plate's moment of inertia allowed us to conclude that X, Y and B agree with the theoretical values, in spite of the possible sources of systematic errors, such as non-homogeneity in the mass distribution, the displacement of the central hole and the imperfection in the right angles of the plates.
Therefore, as a general conclusion, we can state that the system developed here offers a simple way of studying the factors upon which the moment of inertia of an object depends on and, in some cases such as plates, to establish an equation for the calculation of this moment. Moreover, this system offers a new manner of studying the moment of inertia of a body in rotational movement. The values presented in this paper reinforce the notion that the measurement system, used appropriately, may be a useful tool for aiding new practices in teaching laboratories, particularly insofar as the study of rotational dynamics is concerned.
